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fpace-time presymmetries

HP W Gottliebt
Mathematical Physics Department, University of Adelaide, South Australia 5001

Received 17 October 1975

Abstract. Within a field theory model, the conditions under which the presymmetry
subgroup of the Poincaré group may be enlarged are investigated. An equivalence to the
enlargement including the dilatation operator is demonstrated.

1. The Poincaré structure and presymmetry

Tre persistence of certain kinematical symmetry relations, even when an external field
mrifestly breaking the symmetry is present, has been termed ‘presymmetry’ and was
ficussed by Ekstein (1967). It is interesting to study this type of effect within the
famework of a field theory model and to investigate under what conditions the
pesymmetry group may be enlarged.

Specifically, we consider a spinless field ¢ and its Lagrangian density L arbitrarily
&pending only on ¢ and its first-order derivatives as well as explicitly depending on the
ace-time variable x*:

L=L(¢, a9, x). (1.1)

M asumptions of space-time symmetry are made initially; but to facilitate develop-

matusing the canonical formalism, we assume the non-vanishing of the conjugate field
Zomentum;

aL
3(309)

e extension to several fields may readily be made.)

meg‘eﬂSOYS obtained from Noether’s theorem in the case of Poincaré symmetry are now
1o define the quantities

o L

#0. (1.2)

A 13

T
] 0% =3¢ — gL (1.4)
"=114¢ Lj=1,2,3. (1.5)

?M
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418 H P W Gottlieb

The momentum generators are, as usual, defined by

P¥= J‘ d’x 0% g
and the generators of angular momentum and boosts are defined by
M“"=Jd3x (x*0%” —x"0%)= -M™ 17

but for the present investigation we must justify their interpretation by confirming they
effect on the fields, as follows.
Assume only the canonical equal-time commutation relations (ETCR) between the

field ¢ and its conjugate momentum II:
[¢(x, ), TI(y, )]=i8(x—y) (184)
[6(x), ¢(y)]=0=[I(x), I(y)]. (1.8)

(All commutators have equal times implied.)
Then it follows simply as a consequence of the canonical field ETcr, without
assuming any space-time invariance of L, that (cf Jackiw (Treiman et al 1972))

[0%(x), d(y)]= —id“p 8(x~y) (1.90)
[0%(x), II(y)] = ill(x)3; 8(x —y) (1.98)
[P*, ¢]=—i0"¢ (110)
[M*, ¢]= —i(x* "¢ —x" 3"®) (L1

justifying the nomenclature for these operators. (Note furthermore that in these and
subsequent ETCR of this section the equations of motion are not invoked.)
Furthermore, one gets the condition of Schwinger (1963)

[0%(x), 8%(y)] = —i(®°(x) +O(y)) &% 6(x — y) (11

where the ordering of superscripts is important, since here it is not necessarily true that

the object ®"” is symmetric. '
One also gets analogous cr (cf Boulware and Deser 1967, Deser and Mornisea

1970):

[0%(x), 96%(y)] =i(g*0%(x)+ g* 0% (y)) 35 8(x—y) (1.130)
[0%(x), 8% (y)]=~i(8"(x) - g"®%(y)) &7 8(x —y) +i(FL) 5(x ) (1.13b)

where 3L denotes differentiation with respect to the explicit x dependence. The Jast
commutator is thus model-dependent for general L. )
These cr may be integrated to give cr for the following generators (we in
parts freely, assuming suitably well-behaved functions):
[P, P']=0
[Mij, Mkl]___i(gilek_giijl+gjkMil_gleik)
[MY, P¥]=i(g"P' - g"P’).
Thus, irrespective of the structure of the Lagrangian, the constructed gene

realize the algebra of the three-dimensional Euclidean group E(3). Thisis thep
metry group of Ekstein (1967).

tegrate by

(114
(.15
(1.16)
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Space-time presymmeltries 419

As Ekstein mentions, we may compare this with the ‘presymmetry group’ of current
which in that case is in fact the whole internal group. Even without assuming
ipternal-group invariance, the charges constructed from the defined Noether currents
e the transformations of the fields and satisfy the group algebra. We stress that
s is true not only for the case of linear representations {cf Jackiw (Treiman et al
1972)) but also for the case of general nonlinear realizations of internal groups

(Gottlieb 1970)- - . )
Commutation relations of the other operators involve the structure of L itself to

varying degrees:
[P°, P']=i J dx 9L, ' (1.17)

(M7, P°]=i J &x [(x/ L —x' #'L)+(07 - 07)]. - (118)

Anenlarged presymmetry group T(4[SI03) may thus be obtained if L obeys some
more restrictive condition, e.g.: (a) space derivatives of the quantized field ¢ must be
aupled to each other in an O(3)-invariant way (so that ®” = ®”) and L is a function of
5" as far as explicit dependence on x is concerned, and furthermore that part of L
gpearing in ¢L is an even function of x through ¢(x). (b) L=L,(¢,dd,1)
+L{x, ), L O(3)-invariant. (c) L =Ly(¢, 36, )+ xx d“F(¢, 1), L; O(3)-invariant.

" Note that the explicit ¢t dependence may be arbitrary.
Commutators involving the boost generators are also model-dependent in general:

[M% P']=igiP°—i f d’xx' o'L. (1.19)

Taken in conjunction with the general commutator (1.17) between P° and P/, this

means that L may not contain spatial x components if the Poincaré algebra is to be
thtained:

[M% P%)= —iP'+i f d’x [- 1L +(0% -] (1.20)

For L not containing spatial x components as obtained from the commutators (1.17)
#d(1.19), to get this corresponding Poincaré Cr, the symmetry of @' means that the
Grivatives of ¢ must be coupled to each other and in a fully Lorentz-covariant way.

M MU= —ipgi 4 J' d&’x [xj(®i°—®°i)—xi(®j°—®°i)]+itJ d&’x (x' ¥L~x' L)
. ' (1.21)
[MD"M“]=i(gikMol_gilMok)+iJ‘d3xxi(®kl_®lk)+ijdsxxi(xlakL__xk alL).
(1.22)

m_"?"eSPOHding Poincaré cr will both be satisfied if the criteria required for

Not cge thle Previops stzvir}dard CR are satisﬁefi. . .
adoy also that, if ®** is symmetric, the Poincaré cr between P° and P’ is satisfied
- Oy if that between P° and MY is; the Poincaré cr between M* and MY is

.romlf ;nd only if that between P° and M" is.
. tLe Preceding analyses it follows that, if thefull Poincaré algebra is to be
;ou f;lag not contain sgatial x components explicity, and the derivatives of ¢
nay lfoe to each other ina Loreptz-coYarlant way.

Bisey 1§67)‘.V.ever, contain an otherwise arbitrary dependence on time ¢ (cf § 4 of
> 1t need not therefore be fully Poincaré invariant.
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2. Constants of the motion

To analyse the effect of time differentiation, we now invoke for the first tip, the
equations of motion:

aL oL .
3. 39 2
where
d, =@.0)+(,0.6)—+s
T p.¢ a¢ }LV¢ a¢,v [ (2)

where, as before, 3, means differentiation with respect to explicit x dependence.
Then the equations of motion (2.1) are used to obtain, for arbitrary L,

d, 0" =—dL (23)
and the time-derivative equations

d,P* = —f d®x o*L, (24)

M= = j S L —x* 3°L)+ (0 —0™)]. 05
Thus

[P°, P']=—id°P' (26)

[P°, M7]= —id°M?¥ @
and

doP°= —J d®x °L (28

[P°, M%]=iP' -1 d°MY +i j d®rx’ 3°L. ' (29

Therefore the commutator with P° generates in the standard way the (tota!) me
derivative of the presymmetry group E(3) generators. Furthermore these unl\ft’ml
presymmetry group generators are constants of the motion (d, = 0) if and only if the
enlarged presymmetry group T(4) [S] O(3) cr hold. L

PPitself is of course a constant of the motion if and only if L does not contain time!
explicitly. .

Finally, if the Poincaré cr between P° and M® holds, and if also L does not contaitf
explicitly, then M is a constant of the motion.

3. The dilatation operation

oo i
We investigate the inclusion of the dilatation operation. Define the dilatation curred
(cf Coleman and Jackiw 1971, appendix A) by

oL (3.0

D*(y)= A +3¢,v ¢
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othat the dilatation generator is

D@ = J' &y (y, 0% +11¢). (3.2)

Then it follows from the canonical ETcr for ¢ and II that the fields ¢ are
‘med by this constructed generator in the standard dilatation way for a field with

transfo .
aponical dimension one:
[D, ¢]= —i(x, 8"d + ). (3.3)
We obtain the commutators, again for arbitrary L,
[D, P/]= —iP’+1P°, P'] ' (3.4)
[D, M71=14P° M"]. : (3.5)

Therefore the presymmetry group E(3) =T(3) [S1 O(3) is enlarged to T(4)[§] O(3)
orall ) if and only if it is enlarged to the group of E(3) and D. v
Upon using the equatio_ns of motion, we obtain

(D, P/]= ~iP'~itd°P’ ' (3.6)
[D,M"]= —it d°M"Y (3.7)

swell as the other commutators

[D, P°]= —iP°—it d°P°+i J d&’x d,9” (3.8)
(D, M ]=—ir d°MY —i jd%xf d,%”. 3.9)
Infact, further manipulation yields
. oL aL ,
D,P°+P°=‘f3( —¢—x,8L— )
[D,P°1+iP°=i | &’x za¢#a"¢+a¢¢ x; L—4L). (3.10)

T, if the presymmetry group is already enlarged to E(3) and D (and hence also to.
“4)@0(3), asabove) it is further enlarged to T(4)[S]O(3) and D if there is manifest
it)ale Ihvariance of ¢, 3,,¢ and x; terms (i.e. all such terms are of naive scale dimension
- Note again that the time dependence can be arbitrary.

Similarly, we obtain

D) =M% P°1+iP’)—j J d’x xf(z—g‘—a,@ +%¢ —x; 9'L —4L). (3.11)
0 . 00

gﬁm full Poincaré algebra already holds, it is further enlarged to Poincaré and D if

o orand in (3.10) arising from the T(4) [§] O(3) and D case vanishes. This
dequals 4,9 + ¢ 6°L.

;Su;o obtain the enlargement of the presymmetry group to all of Poincaré and D,

tt’as well as the Poincaré algebra conditions, be manifest scale invariance of

'ﬁlr’ax; erms (x, already being absent explicitly); as always, the t dependence may be
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4. Conclusions

We have analysed the conditions under which the universal presymmetry group E(3
may be enlarged, and have found relationships with the cases of constants of the Motiog
and the inclusion of dilatations. A slightly restricted family of experiments may
therefore be subject to a wider classification scheme.
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Appendix. Some converse considerations

Suppose we are given only the standard commutators (1.10), (1.11) involving the action
of the generators on the fields.

(a) Then using the Jacobi identity, and assuming that the generators do not contain
any ¢ numbers or parts which may commute with ¢ (a redefinition may be required, o
Boulware and Deser 1967), we obtain the Poincaré algebra provided that all the
generators are constants of the motion. Within the canonical formalism, we may then
referto § 2.

(b) If we commence with the canonical formalism of § 1, but instead of assumingthe
ETCR (1.8a) between ¢ and IT we start with the cr (1.10) and (1.11), then we find that
any one of these latter CR, together with the vanishing of the ETCRr on the left-handside
of (1.8b), implies the canonical ETCR (1.8a) (provided the space of functions §'¢ formsa
large enough class of test functions to define the three-dimensional & function).
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